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Abstract 

An operator M acting on the space of real analytic functions ^(R) is called a multiplier if every 
monomial is its eigenvector. In this paper we state some results concerning the problem of generating 
strongly continuous semigroups by multipliers. In particular we show when the Euler differential 
operator of finite order is a generator and when it is not. 


1 Introduction 

By £/ (R) we will denote the space of real analytic functions with its natural inductive topology, i.e. 

.!a'(]R) = indMdU H{U), 

where U runs over all complex neighbourhoods of K and H(U) is equipped with the usual compact-open 
topology. The topology of is complicated, but we will only need the following special case for 

convergent sequences: 

Fact 1 . A sequence (fn) converges to f in the topology of if and only if all the functions fn and 

f extend as holomorphic functions to a complex neighbourhood C/ o/R and /„—>■/ m H(U). 

Let L(j 2/(R)) be the space of all linear continuous operators on the space of real analytic functions 
.^'(R) with the topology of uniform convergence on bounded sets of i2/(R). We say that an operator 
M S L{£/{M.)) is a mutliplier, if every monomial is its eigenvector, i.e. 

M(a;") = mnX^ for all n g N. 

We call the sequence (TO„)„gN a multiplier sequence. Since monomials are linearly dense in .^/(R) a 
multiplier is uniquely determined by its multiplier sequence. By (M, (m„)) we will denote the multiplier 
M with the multiplier sequence (TO„)„gN. We denote by M(R) the space of all multipliers and equip it 
with the topology induced from L{£/{M.)). The basic examples of multipiers are: 

• Euler differential operator 

Ef{x) = xf{x), 


• dilation operator 


Daf{x) = f{ax), 


• Hardy operator 

Hf{x) = - [ f{y)dy. 

X Jo 
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For more information on multipliers on j 2 /(]R) we refer to [31111]. 

In this paper we consider semigroups generated by multipliers. Consider the abstract Cauchy problem 

l"(‘) = "“<*>■ (1) 

m(0) = /, 

where M G f G .c/(K). A classical approach to solve (HJ is to study if the operator M generates 

a strongly continuous semigroup of bounded linear operators {Tt : t > 0}. In this paper we will try to 
answer the question: Which multipliers generate a strongly continuous semigroup? Note that on a non- 
Banach locally convex space, a continuous linear operator does not always generate a strongly continuous 
semigroup. 


2 Preliminaries 


In this section we will introduce some notation and recall basic facts from the general theory of semigroups 
(more details can be found in CD- 

Let A be a locally convex space and {Tt)t>Q a family of bounded operators on X. The family {Tt)t>o 
is said to be a semigroup, if it satisfies the following conditions: 

(1) TtTs = Tt+s for all t,s>0, 

(2) To = I (the identity operator). 

If in addition it satisifies 

(3) limt_).s Ttx = TgX for any s > 0 and any x € X. 

then {Tt)t>o is called a Co-semigroup (or strongly continuous semigroup). 

If the above properties (l)-(3) hold for t,s G M instead of t,s G K+ := [0, cxd) we call {Tt)t^R a 
Co-group. 

The generator {A,D{A)) of a strongly continuous semigroup {Tt)t>o on X is the operator 

TtX - x dTtX 

Ax = lim- = —-— 

t^O t Ot 

defined for every x in its domain 

TfX — X 

D(A) = {x & X lim- exists}. 

t->o t 

If A is a Banach space, then the well known spectral inclusion theorem holds (|3 2.5]). In an arbitrary 
locally convex space, the similar property holds for the point spectrum. 

Lemma 2. Let (A, _D(A)) he a generator of a strongly continuous semigroup (Tt)t>o acting on a locally 
convex space X. If x is an eigenvector of A with eigenvalue A then for every t > 0 the following holds 

Ttx = e*^x. 


Proof. For a fixed eigenvector x with eigenvalue A denote by {St)t>o the rescaled semigroup St = e~*^Tt. 
Clearly the semigroup {St)t>o is strongly continuous. We denote by B the generator of (St). For every 
a; G A we have 

StX — X e~^*Ttx — X e~^*TtX — Ttx + TfX — X — 1 Ttx — x 

- =- =-=- IfX H-. 

t t t t t 

Since 


^ — Xt 


—Ttx ^ -Xx 
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we observe that D[B) = D{A) and B = A — X. 

For X G D{A — A) by ([3 1.2]) we have 

Stx — X = / 5's(A — A)a:ds. 

Jo 

Hence 

e~^*Ttx — X = f e~^*Ts{A — X)xds 
Jo 

As Ax = Xx the right hand side equals 0 and we have 

Ttx = e*^x. 


□ 


It follows that 

Corollary 3. If a Co-semigroup (Tt)t>Q is generated by a multipier (M, (m„)), then it is a semigroup of 
multipliers. Moreover, for every t G 1R+ the multipier sequence of (Tt, (jnlf)) is given by = exp(tTO„). 

We now present some properties of the algebra of multipliers M(]R). We denote by C the Riemann 
sphere and by Ho(C \ R) the space of holomorphic functions around infinity, vanishing at infinity, which 
extend to holomorphic functions on C \ R i.e. 

Ho{C\R)= U Ho{C\[-N,N]). 

N^N 


The space Ho{C. \ M) equipped with the Hadamard multiplication of Laurent series, i.e. 


f *9{z) = 


OO 


E 

n—O 


fnSn 

zn+l 


around infinity 


where 


CXJ p uo 

/W = E^> 5W = EJ^ around infinity, 

n^O ^ n^O ^ 

forms an algebra. The algebra \ R) is isomorphic to the algebra iL(C\ of functions holomorphic 
at zero which extend to holomorphic functions on C \ R with Hadamard multiplication of Taylor series, 
i.e 


OO 

/ * 9{z) = E f-n- 9 nZ^ around zero 

n=0 


where 


OO OO 

fiz) = E ^ E around zero. 

n—0 n—0 

The isomorphism is given by the map (p{f){z) = 

To make the paper self contained we cite multiplier’s representation theorem from [2] which we will 
need later. 
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Theorem 4 ([2l 2.8]). The algebra of multipliers M(K.) is topologically isomorphic as an algebra with 
the following algrebras of holomorphic functions: 

(1) i?o(C\]R) with Hadamard multiplication of Laurent series, 

(2) i/(C \ jg) with Hadamard multiplication of Taylor series. 

The multiplier sequence of the given multiplier is equal to the Laurent (Taylor) coefficients at infinity 
(zero) (fn) of the corresponding function f. 


3 Main results 


Now we present the theorem which will be our main tool in proving that some multipliers do or do not 
generate Co-semigroups. 

Theorem 5. Let M: s/ (R) be a multiplier with the multiplier sequence (mn)n6N- The following 

assertions are equivalent: 

(i) The multiplier M generates a Co-semigroup lTt)t>o- 

(ii) For every t € R+ the operator Tt is a multiplier with the multiplier sequence = (exp(tTO„))„gN 

and the map Tf: R+ —>■ Tf(t) = Ttf is continuous for every f € £/(R). 

(iii) For every t G R+ the operator Tt is a multiplier with the multiplier sequence = (exp(tm„))„gi!j 

and the set {Ttf : t G [0,to]} bounded in for every f G .e/(R.) and every to > 0. 

Proof, (i) (ii): Follows from Fact [2] 

(ii) => (iii): Obvious. 

(iii) ^ (i): First we will show that multipliers (Tt, (ml,)) form a semigroup. For every t, s > 0 and 
every monomial x" we have 

TtT.x” = = Tt+sx'^. 

Since polynomials are dense in we get that TtTg = Tt+s for every t,s >0 and (Tt)t>o is indeed a 

semigroup. 

Now we will show that (rt)(>o is a Co-semigroup. We assume that the set [Ttf : t G [0,to]} is 
bounded in for arbitrary / G .^/(R), to >0. By r we denote the natural topology on j 2 /(R). 

Recall that an operator V : .^/(R) = ind H(U) —?> C is continuous if and only if V: H(U) —)• C is 

continuous for every complex neighbourhood C D R ([U 1.25]). The linear map 


B : 




/ 


/(n)(0) 


is continuous since for the topology of pointwise convergence on uj and from the Cauchy inequality we 
get 


/(n)(0) 


<Ck\ 


\\oc,K 


with the coarser topology 


for any compact set K C U with 0 G Int K. Hence we can consider 
induced by the map above i.e. T 2 = i?“^(r^). 

The multiplier sequence of Tt equals (e‘™")„gN- Hence (Ti/)("i(0) = e*™”/("i(0) and the map 


Cf :R+ 

1 1 


UJ 


/ m/)(")(o) 

\ n! 


./(")(o) 
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is continuous. 

We consider the mapping Tf: R+ —)• (.e/(R), r), Tf(t) := Ttf. The map Tf: IR+ —>• (J&), 

is continuous. Indeed, take an open set U € Hence, there exists an open set H S w such that 

U = B-^{V) and we have {Tf)-\U) = {Tf)-\B-^V)) = (B o Tf)-\V) = Cj\V). 

Since by the assumption the set {Ttf : t G [0,to]} is bounded in (j 2 /(R),r), hence compact and 
the compact Hausdorff topology is the minimal Hausdorff topology [6] 3.1.14] we get that r = T 2 on 
{Ttf : t G [0,to]} and the map Tf: [0,to] —^ 'T") is continuous for every to > 0. Hence (Tt)t>o is 

strongly continuous. 

Denote by A the generator of the semigroup {Tt)t>o- For every monomial a:" we have 


Hx" = lim 

t\,o 


Ttx^ - cc” 
t 


gim„^ra _ 

lim- 

t\.0 t 


„tmn _ 1 

lim-a;" = TO„a:". 

t\o t 


Hence, A = M on the set of polynomials, which is dense in ^(R). As the operator M is continuous, for 
any function / G .^/(R) and a sequence of polynomials converging to /, we have = Mp„ M f 
in sZ (R). Because the generator A is closed [3 1.4] we get that / G D{A) and Af = Mf. 

□ 


The above with Theorem |4] gives 
Corollary 6. The following assertions are equivalent 

(1) The multiplier (M, (m„)) generates a Co-semigroup (T't)t>o on .! 2 /(R) 

(2) For every t > 0 the function ft, ft{z) = extends to a holomorphic function 

belonging to H[C\ g) and the set {ft : t < to} bounded in H{C\ g) for all to > 0. 

(3) For every t > 0 the function ft, ft{z) = X^o extends to a holomorphic function belonging 

to Ho(C \ R) and the set {ft : t < to} is bounded in i?o(C \ for all to > 0. 

Proof. (1) <t=> (2): By Theorem [S] statement (1) is equivalent to Tt being multipliers with multiplier 
sequences and {Ttf : t < to} being bounded in j 2 /(R) for all to > 0 and all / G J 2 /(R). 

The first condition by Theorem |4] is equivalent to ft G iJ(C \ g) for all t > 0. In view of the uniform 
boundness principle the second condition is equivalent to {Tt : t < to} being bounded in £(j 2 /(R)), which 
by Theorem|4]is equivalent to {ft ■ t < to} being bounded in H{C \ g). 

(1) (3): the proof of the equivalence is similar to the above. □ 

Lemma 7. The set of multipliers generating a Co-semigroup is additive. 

Proof. Let multipliers {A, (a„)), {B, (5„)) be the generators of Co-semigroups (T/^, (e*“"))t>o and (T®, (e*^"))t>o 
respectively and let ft, gt G H{C\ g) be the corresponding (in view of Theoremld]) holomorphic functions. 

Take t > 0 and choose 0 < e, i5 < 1 such that ft G H{C\{{—oo, —e] U [e, oo))) and gt G H{C\{{—oo, —d] U 
[(5, oo))). By the Hadamard multiplication theorem ft*gt & H{C\ ((—oo, —eJ] U [e<5, oo))) [S] Th. H]. 

Hence by Theorem |4] the operator 7^^+® is a multiplier with a mutliplier sequence Since 

for monomials we have Tf^'^^x'^ = = T^T^x'^ and momomials are linearly dense in j 2 /(R), 

we get that = T/'T}?. Hence the map T^^^ f: R+ —> .! 2 /(R), T^^^ f{t) = Tf'^^ f is continuous for 

all / G .e/(R). Thus by Theorem[5]the multiplier {ApB, (a„-|-6„)) generates a Co-semigroup {Tf'^^)t>o. 

□ 

Now we answer the question when does the Euler differential operator generate a strongly continuous 
semigroup. 

Theorem 8. Let E G L(.! 2 /(R)) be a first order Euler differential operator, 

Ef{x) = axf{x) -f bf(x). 

The multiplier E generates a Co-semigroup if and only (fa G R. 
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Proof. A multiplier {M,{c)) with a constant multiplier sequence generates the Co-semigroup {Tt)t>o, 
Ttf = Hence by Lemma [7] without loss of generality we can assume that 5 = 0. 

The multipier sequence of E is (rrin) = {an). Hence we get the corresponding functions 

OO - 

/,(z) = = (2) 


Hence ft € H{C\ for every a G R, t > 0, and {Tt, (e*“")) is a multiplier. On the other hand, if 
a ^ R then for every t such that ta ^ kiri, k £ Z, we have ft ^ H{C\ and E does not generate a 
semigroup. 

To finish the proof we need to show that, under the assumption a G R, the semigroup {Tt)t>o is 
strongly continuous, i.e. we need to prove the continuity of the map Tf: R_|_ —>■ .e^'(R), Tf{t) = Tf{t) for 
arbitrary / G .^/(R). By (2)) we can extend the map Tf: R+ —)• £/{M.) to the map T/: R —>■ .! 2 ^(R). 

To prove the continuity we will use the explicit formula of the multipliers Tt with (m^) = (exp(ton)). 
We have Ttf{x) = f{e*°‘x). Indeed, for a monomial x" we have 

Ttx^{y) = e*^^x^{y) = 

Moreover, observe that the map f g, g{x) = /(e*“a;) is linear and continuous on £/ (R) for any a, t G R. 
Thus the claim follows from the density of polynomials in (R). 

As Ttf — Tt+sf = Tt{f — Tsf) and s G R it is enough to show the continuity at t = 0. Recall that 
/ —>■ / in ij/(R) as tn ^ 0 if and only if there exists an open complex neighbourhood 17 D R such that 
Tt^f G H{U) for every n G N and Tt^f —>• / in H{U). 

Let U he a complex open neighbourhood of R such that / G H{U). Let U' be a star-convex subset of 
U and put V := ^U'. We choose £ > 0 such that < 2. Then for |t| < e we have that C U' C U 
and Ttf G H{V). 

Now we will show that Tt^ f in H{V). Take an arbitrary compact set K C V. Then for a compact 
set K 2 such that K C K 2 C V, K C Int K 2 and for small enough we have e‘”“Ar C K 2 CV and 

lim \\Tt„f - fW^ = lim sup |/(e*"“z) - f{z)\ = 0, 


since / is uniformly continuous on compact sets. 

We have proved that {Tt)t>o is strongly continuous. Moreover E is its generator as for all monomials 


we have 


lim 

t —^0 


Ttx'^ — x^ 

i 


= lim 

t —^0 


(gia^)n _ 

t 


^atn _ 1 

1 • ^ '^71 71 

lim- X = anx 

t — >^0 t 


Ex^. 


□ 


Now we consider the differential operators P{0) of higher orders. We start with the negative result. 

Theorem 9. Let P{9) = ^^=0 akd^, 9f{x) = xf'{x), be a finite order differential operator of degree at 
least 2. The operator P{9) does not generate a Co-semigroup in the following cases: 

(1) hie Ok = ... = Reoi+i = 0 and Reo; >0 for some I > 2. 

(2) ax, ... ,02 G iQ. 

Proof. (H]): The multiplier sequence of P{9) is given by (m„) = {P{n)). Assume that P{9) generates a 
Co-semigroup (T()t>o. Then, by Corollary [51 for alH > 0 the operator {Tt, is a multiplier and the 

function ft, ft{z) = e*'P{n)z^ around 0, extends to a holomorphic function in i7(C \ R). But, for 

every i? > 0 we have 


sup 

new 


gtP(n) 


i?" = supe*’^®-^^”)^” 

n^N 


>sup = 00 

new 


for some e > 0. 
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We start with the case P{9) = such that € iQ for every 1 < k < K. We will show, 

that for every such polynomial P there exists to G K+ such that = (exp(to^’(n)))neN is not a 

multiplier sequence. _ 

Let P{x) = Y^^=i '^kX^ be a polynomial such that Ufe £ Z for all fc < isT and to„ = ^P{n), where S is 
the common denominator of all the coefficients a^. 

As oq = 0 we have that P(0) = 0. Let no G N be such that 


1 . 


P{no + 2 ) 


= '?,<?> 2 , 


2 . P{no) ^ P{no + 2 ) mod 2q. 

It is clear that such no exists. Indeed, take no such that P(n) is monotonous for n > no- Then 


P(no) < P(no + 2) 


< 2q. 


Take to = ^ and consider the function 




m-z 

n—0 n=0 




ni z" around 0 . 


The expression exp takes at most 2q different values and 


(Pin) (P{2q + n) . 

exp - TTl = exp -TTl 


Denote = exp ■ Hence we have 


/to (^) = E = ^° + + • • • + ^"^ + + ■ • ■ 


n—0 
y^ 2 (j-l > r, 
l^n=0 

1 - Z^1 


This implies that / is defined on C except it can have poles of order 1 at 25 -roots of unity. Now we 
will show that ft^ ^ H{C\ ^). Assume that /t^ G iL(C \ j|), so ftg would have only poles of order 1 in 
points ±1. Then g{z) = (1 — z‘^)f{z) G H{C). But 


n—0 


giz) = (1 - z^)Mz) = (1 - z^) E 

n—0 
00 

= 1 + P 5 ' ~ Cn— 2 ) 2 ;”. 

For every /c G N we have 


n=2 


and 


for some (5 > 0. Hence 


^2feij+rao+2 — /no+2 ^ Cno — ^2kq+no 

|^2feg-|-no-|-2 ~ ^2kq+no I — ^ 


hm sup {/|Cn - ^n- 2 | = 1 

n—^cxD 

and we get a contradiction. Hence ftg ^ H{C\^) and {P{d), {P{n))) does not generate a semigroup. 
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Now consider P{0) = with ax, ■ ■ ■, 02 € iQ, ai = ir, r G R\Q. Taking to = 2S'7r, where 

S denotes the common denominator of ax, ■ ■ ■ 02 , we get that 

gtoP(ra) _ g2r7rm 

By Theorem |T] the operator (Ttg, is not a multiplier since 

00 

f.M = E = r—ITTiT ^ "(C \ jg) 

n—0 

as r ^ Q. By Theorem[2 {P{(^),P{n)) cannot generate a semigroup. 

Summarizing, we proved that multiplier {P{0), {P{n))) with P{9) = ax, ■■■ 0,2 G iQ, 

ai € C \ R. does not generate a semigroup. Now take a multiplier Q{0) = P{9) + bi9 + c with hi G R. 
As the operators (M_b, {—hiti — c)), {Mb, {bin + c)) generate Cq- semigroups (Theorem [ 8 l) and the sum 
of multipliers being generators is a generator (Lemma [7]) we conlude that {Q{9), {Q{n))) generates the 
semigroup if and only if {P{9), {P{n))) does, which finishes the proof. □ 

Now we will give another example of a multipier that generates a strongly continuous semigroup on 
.^'(R), i.e. we will show that the Hardy operator, Hf{x) = ^ f{t)dt, is a generator of a Co-group. 
To do this we need some more facts from the theory of the space of analytic functions. In particular, 
we need a representation of multipiers by the so called Mellin functions. Hence, we start with following 
definitions. 

Definition 10. Let («:„)neN; {Kn)nen be sequences of real numbers such that ki < 0 and 0 < Kn —>• 00. 
We define an asymptotic halfplane uj by 

00 

^ “ U ^ for u!x„ := {z gC : |Imz| < Kn Rez}. 

n—1 

We call a holomorphic function f G H{uj) a Mellin function for the sequence (m„)neN if there exists 
a constant C > 0 such that 


\f{z)\ <Ce'='l^®^l/orzea; 


and 


f{n) = mn- 

We will denote the space of Mellin functions by J^{uj). 

Definition 11. For a G R we define 

^a{io) = {fG ^(w) : Vj sup |/(z)|e-(“+l)^^" < 00 } 
where Tj = (U„<j(k„ + l/j + ujx„)- 

The space Jtfa{aj) is a Frechet space with the fundamental system of seminorms (IHIjOjgn given by 

11/11^.= sup |/(z)|e-(“+T)^‘^C 
zer^ 

We will need the following theorems. 

Theorem 12 ([H 4.1]). There exists a continuous, linear and surjective mapping Hfj : Jf^(w) -G ^{[0, e“])' 
satisfying 


{Hi (/)> x"") = /{n) for every n e N. 




Theorem 13 ([2l 2.6]). The map 


^ M(R), ^(F) 5 (j/) = {g{y),F) 

is a linear homeomorphism and the multiplier sequence of t^{F) is equal to the sequence of moments of 
the analytic functional F, i.e. to ({z", F))„gN- 

We can now prove the following theorem 

Theorem 14. Let F[ G C{£/(K)) be the Hardy operator, Hf(x) = ^J^f{y)dy. The operator A = 

, 0 , 1 ,, ax G C generates a Co-group on 

Proof. The multiplier sequence of the Hardy operator H equals (;;^)nGN- Hence the multiplier sequence 
of {A, (to„)) equals m„ = J2k=o („° i)fe ■ We will use Theorem [S] hence it is enough to show that 
sequences ^exp {n+i)k )) multiplier sequences for multipliers Tt and that the mapping 

T/: R —>■ .^/(R.), Tf{t) = Ttf is continuous. From Theorem (]T^ the first condition is equivalent to 
the existence of functionals Ft G .e/(R)' satisfying {Ft,x^) = X]fc=o {n‘+i)’‘ ’ Theorem [T^ it is 

equivalent to the existence of the Mellin functions yt S for ^exp (^+ 1 )*= )) 

For the proof it is enough to find the asymptotic halfplane uj and Mellin functions yt G such 

that the mapping R —>■ 1yt is continuous. Indeed, consider the following diagram 


R A ^ j/([0, e“])' ^ M(R). 

Recall that SS are continuous (Theorems [121 US]) with SS o iJ+ o (p[t) = Tt. Hence, if the function ip 
is continuous then the function 1 1 —Ttf is continuous. 

Let u! be an asymptotic halfplane such that ki = — i, = 0 for all n > 2 and consider the functions 

yt = exp (x;f=o (5w) ’ ^ 

Then yt is clearly holomorphic on uj and for z G w C {Rez > —\} it satisfies 


\Tt{z)\ = 


K 


exp ^ 


tak 






K 


< exp ^ 




tak 


{z^lf 


< exp ^^2'= jtafel + exp(Rez). 


Hence {fJ-t}t>o C and because 


K 


< exp ^ 2^ \tak\ 


\k^0 


K 


yt{n) = exp ^ 


tOk 


\k=0 


{n + 1)^ 


we get that functions yt are Mellin functions for the sequence ^exp („+!)>= ) ) 

Now we will show that yt G for any a > 0 and all f G R. We compute 


nGN 


sup |/it(z)|e-(“+i)^®" = 


Z^V 7 


= sup 
2 e r 7 


K 


I tOk 


\k^0 


exp ( — ( a + - ) Re 2 ; 


K 


— ^ \tcik\ I sup exp I — I a + - j Re 2 ; 


\k^Q 
/ K 




< exp Itofclj exp - j - | < 00 . 


1 
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To finish the proof we need to prove the continuity of the map yi: K —^ ip(t) = fit- 

Fix t G K, j > 1. Then 


ll^t - ^it+h\\^ = sup \^J.t{z) - ^it+h{z)\exp - a + - Rex 


z^r 7 


= sup \fj,tiz) \ 1(1 - fj.h{z))\exp - a + - Rex 

V V Jj 

< exp (y'2'' Itofel + i(a +] sup \{1 - fj,h{z))\. 


For the last component we have that 


sup 1(1 - Ph{z))\ = sup 
•2 ^ r 7 2 G r 7 ' 


/-I TT fT3 / M,^e(x + 1) ^ f j t ^^,I™(^ + l) 

(1 - M exp Re{ak)h— -^ exp ^Im(afe)h—-^ 

k=o V l^ + l| / V l^ + l| , 


Since for all complex numbers x G C 


£££<1 and £££<1 


all components of the product in ([3]) tend to 1 uniformly on Fj as h tends to 0. Hence 

^ 0 . 


(3) 


□ 
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